Abstract. A study is made of real Lie algebras admitting compatible complex and product structures, including numerous 4-dimensional examples. Any Lie algebra g with such a structure is even-dimensional and its complexification has a hypercomplex structure. In addition, g splits into the direct sum of two Lie subalgebras of the same dimension, and each of these is shown to have a left-symmetric algebra (LSA) structure. Interpretations of these results are obtained that are relevant to the theory of both hypercomplex and hypersymplectic manifolds and their associated connections.
Introduction
A complex structure on a real Lie algebra g is an endomorphism J of g satisfying J 2 ¼ À1 and the usual integrability condition expressed in terms of Lie brackets. Let g C ¼ g n R C denote the complexification of g, and s : g C ! g C the corresponding conjugation. The integrability of J is then equivalent to a splitting
where g 1; 0 and g 0; 1 are complex Lie subalgebras of g C and g 0; 1 ¼ sðg 1; 0 Þ. A product structure on g is an endomorphism E of g which satisfies E 2 ¼ 1 and an even simpler integrability condition. Let g ¼ g þ l g À be the splitting in which g G denotes the eigenspaces corresponding to the eigenvalue G1 of E. Then the integrability of E is equivalent to requiring that g þ ; g À are both Lie subalgebras of g.
In this article we are interested in another structure on g which arises from the combination of the two above. Namely, a complex product structure on a real Lie algebra g is a pair fJ; Eg where J is a complex structure on g, E is a product structure on g, and JE ¼ ÀEJ. In this case, the subalgebras g G satisfy g À ¼ Jg þ . We summarize the basic definitions in §2, and provide some simple examples and constructions of such structures. Whilst the concept of a product structure is a relatively elementary one, we shall see that complex product structures are altogether more subtle and their classification far from easy.
A complex product structure on a Lie algebra is an analogue of a hypercomplex structure, i.e. a pair of anticommuting complex structures. Indeed, a complex product structure is a 'latent hypercomplex structure' in the sense that a complex product structure on a Lie algebra g determines a hypercomplex structure on the real Lie algebra ðg C Þ R underlying g C . This result, that we establish in §3, provided our original interest in the subject. We also explain how a standard complex product structure on glð2n; RÞ gives rise to a hypercomplex structure on glð2n; CÞ. In general, ðg C Þ R also admits a complex product structure, so the process can be continued so as to obtain an infinite family of hypercomplex structures. Complex product structures are closely related to a number of other algebraic concepts, and these relationships are pursued in §4. If ðg; J; EÞ is a Lie algebra with a complex product structure as above, then ðg; g þ ; g À Þ is an example of a double Lie algebra [21] . Actually, following [22] , ðg þ ; g À Þ is a matched pair of Lie algebras for certain representations r : g þ ! glðg À Þ and m : g À ! glðg þ Þ. The isomorphism J : g þ ! g À then allows us to construct left-symmetric algebra (LSA) structures on g þ and g À . This implies that neither g þ nor g À are semisimple [10] , though we do not know whether there are examples with g semisimple. Theorems 4.1 and 4.2 provide a complete characterization of Lie algebras carrying complex product structures in terms of pairs of LSA structures, and we also examine the special situation in which g is itself an LSA.
Whilst the focus of this paper is algebraic, the correspondence between flat torsionfree connections on a Lie group and LSA structures on its Lie algebra allows us to give various geometrical interpretations of the theory developed thus far. This we do in §5. Suppose that g has a complex product structure, and is the Lie algebra of a Lie group G. The endomorphisms J; E can be regarded as left-invariant tensors on G still satisfying JE ¼ ÀEJ. This makes G a complex product manifold, a concept that is most easily defined in terms of a GLðn; RÞ-structure for a diagonal inclusion GLðn; RÞ H GLð2n; RÞ. We explain how properties of this type of manifold reflect the theory of §4, referring the reader to [1] for a more complete treatment.
A complex product manifold M possesses two involutive totally real distributions T G . It also has a unique torsion-free connection ' CP for which J; E are parallel, and the integral submanifolds of T G are flat with respect to ' CP . Thus, complex product manifolds are integrable in a rather strong sense. When M ¼ G is a Lie group, we obtain a local double Lie group ðG; G þ ; G À Þ in which each of the subgroups G G has a flat a‰ne structure. We also show that ' CP gives rise to the Obata connection of the associated hypercomplex structure on G C ; indeed the two connections share many properties.
There are natural links between complex product structures and symplectic geometry, since a class of left-symmetric algebras are those arising from Lie groups with a left-invariant symplectic form [8] . It therefore makes sense to look for complex product structures on Lie algebras for which g þ ; g À are both symplectic Lie algebras.
Algebraically, this means that n ¼ 2m is even and the structure group GLðn; RÞ reduces to Spðm; RÞ. Geometrically, this arises when an associated Lie group is endowed with a hypersymplectic structure in the sense of [17] . We explain this briefly in §5, but do not pursue this aspect of the theory in the present paper. In §6, we consider examples of 4-dimensional Lie algebras carrying complex product structures, referring in part to the classification of complex structures given by Ovando [26] and Snow [30] . We determine the associated a‰ne Lie groups and the hypercomplex structures on their complexifications. We should emphasize though that the complex product structures considered in this article can exist in dimensions 2n D 0 mod 4, and we expect a subsequent analysis of the case n ¼ 3 to prove fruitful.
Preliminaries and basic results
We begin by recalling some definitions which will be used throughout this work. All Lie algebras will be finite dimensional and defined over R, unless explicitly stated.
An almost complex structure on a Lie algebra g is a linear endomorphism J :
we will say that J is integrable and we will call it a complex structure on g. Note that the dimension of a Lie algebra carrying an almost complex structure must be even. Given an almost complex structure J on g, there is a splitting of g C ¼ g n R C into the sum of two subspaces
where g 1; 0 and g 0; 1 are the eigenspaces corresponding to the eigenvalues Gi of the complexification of J. It is easy to see that J is integrable if and only if both g 1; 0 and g 0; 1 are complex subalgebras of g C . The splitting (2) induces a decomposition of ðg C Þ Ã as
where L p; q G V p ðg 1; 0 Þ Ã n V q ðg 0; 1 Þ Ã is the space of ðp; qÞ-forms relative to J. Recall that the Lie bracket in g can be thought of as a linear map ½ ; :
In this way, we can consider its transpose d : g Ã ! V 2 g Ã , defined as follows:
It is well known that J is integrable if and only if
Whilst an almost complex structure on a Lie algebra g makes the latter a complex vector space, g need not be a complex Lie algebra since the Lie bracket might not be C-bilinear. This problem may be overcome in the following situation. Let g be a Lie algebra with an almost complex structure I which satisfies
It is straightforward to verify that I is integrable, since (3) is stronger than (1) . Then g can be viewed as a complex Lie algebra, with multiplication by i given by the endomorphism I , since (3) implies the C-bilinearity of the Lie bracket.
Condition (3) is equivalent to I adðX Þ ¼ adðX ÞI for all X A g, i.e. adðX Þ is a complex transformation on g, and it is also equivalent to dðL 1; 0 Þ J L 2; 0 . Conversely, if h is a complex Lie algebra, let h R denote the underlying real Lie algebra. Then the endomorphism I of h R given by multiplication by i, i.e. IX ¼ iX for all X A h R , defines a complex structure on h R satisfying (3). Next, we define another kind of structure on a Lie algebra which is analogous to a complex structure. An almost product structure on g is a linear endomorphism E : g ! g satisfying E 2 ¼ 1 (and not equal to G1). It is said to be integrable if
An integrable almost product structure will be called a product structure. If dim g þ ¼ dim g À , where g G is the eigenspace of g associated to the eigenvalue G1 of E, then the product structure E is called a paracomplex structure [19, 20] . In this case, g also has even dimension.
Given an almost product structure E on g, we have a decomposition g ¼ g þ l g À into the direct sum of two linear subspaces, the eigenspaces associated to E, which induces a splitting g Ã ¼ A þ l A À and then
where
It is easy to verify that E is integrable if and only if g þ and g À are both Lie subalgebras of g, and this is in turn equivalent to
Verification of these statements can be found within the proof of Proposition 2.2.
Lie algebras carrying either a complex structure or a product structure have many interesting properties that have been exhaustively studied. Our interest lies in an appropriate combination of these two structures: Definition 2.1. A complex product structure on the Lie algebra g is a pair fJ; Eg of a complex structure J and a product structure E satisfying JE ¼ ÀEJ.
The condition JE ¼ ÀEJ implies that the eigenspaces corresponding to the eigenvalues þ1 and À1 of E have the same dimension, showing that E is in fact a paracomplex structure on g.
The endomorphism F :¼ JE satisfies F 2 ¼ 1, and overall fJ; E; F g obey the rules
satisfied by the so-called paraquaternionic numbers [15] . It is easy to verify that (4) is satisfied by F in place of E. Indeed g has a circle's worth fcos y E þ sin y F g of product structures, and a corresponding 'pencil' of subalgebras g y with g 0 ¼ g þ ,
and
Proposition 2.2. Let g be a Lie algebra. The following statements are equivalent:
(i) g has a complex product structure,
(ii) g has a complex structure J and can be decomposed as g ¼ g þ l g À , where g þ ; g À are Lie subalgebras of g and g À ¼ Jg þ .
(iii) g has a complex structure J and g Ã can be decomposed as
Proof. (i) , (ii). If g has a complex product structure fJ; Eg, let g G denote the eigenspace corresponding to the eigenvalue G1 of E. The integrability of E implies that both g þ and g À are Lie subalgebras of g and JE ¼ ÀEJ implies g À ¼ Jg þ .
Conversely, if (ii) holds, set Ej g þ ¼ 1 and Ej g À ¼ À1. Then it is easy to verify that fJ; Eg determine a complex product structure on g.
Since g þ and g À are subalgebras of g, one immediately checks (5). The complex structure J induces a complex structure J on the vector space (2) .
A definition that will be useful for our purposes is the following, which appeared in [21] .
Definition 2.4. Three Lie algebras ðg; g þ ; g À Þ form a double Lie algebra if g þ and g À are Lie subalgebras of g and g ¼ g þ l g À as vector spaces.
Observe that a double Lie algebra ðg; g þ ; g À Þ gives a product structure E : g ! g on g, where Ej g þ ¼ 1 and Ej g À ¼ À1. Conversely, a product structure on the Lie algebra g gives rise to a double Lie algebra ðg; g þ ; g À Þ, where g G is the eigenspace associated to the eigenvalue G1 of E. Thus, a complex product structure fJ; Eg on g gives rise to a double Lie algebra ðg; g þ ; g À Þ with g À ¼ Jg þ . The complex structure J determines a vector space isomorphism J : g þ ! g À which satisfies the condition (1) on g.
Let us assume now we begin with a double Lie algebra ðg; g þ ; g À Þ such that dim g þ ¼ dim g À . Consider a linear isomorphism j : g þ ! g À and define an endomorphism J of g by JðX þ AÞ ¼ Àj À1 ðAÞ þ jðX Þ for X A g þ and A A g À . J is clearly an almost complex structure on g but, if we want J to be integrable, we need j to satisfy the extra condition
These observations are summarized by Proposition 2.5. A double Lie algebra ðg; g þ ; g À Þ with dim g þ ¼ dim g À is associated to a complex product structure on the Lie algebra g if and only if there exists a linear isomorphism j : g þ ! g À such that (7) holds.
We now wish to exhibit some simple examples of Lie algebras carrying complex product structures. A natural class to begin with is the class of real Lie algebras underlying a complex Lie algebra, since we have already mentioned that they are naturally endowed with a complex structure. Nevertheless, it is impossible to find interesting examples of complex product structures among these algebras, due to Proposition 2.6. Suppose that g admits a complex product structure given by a complex structure I and a product structure E where I satisfies (3). Then g is abelian.
Proof. There is a splitting g ¼ g þ l g À , with g þ and g À ¼ I g þ Lie subalgebras of g.
which shows ½U; IV A g À , and E½U; IV ¼ ÀE½I ðIUÞ; IV ¼ ÀEI ½IU; IV ¼ IE½IU; IV ¼ ÀI ½IU; IV ¼ ½U; IV ; which shows ½U; IV A g þ . Thus, g G are ideals in g and the proposition follows from the following lemma. r Lemma 2.7. Let g admit a complex product structure fJ; Eg and let ðg; g þ ; g À Þ be its associated double Lie algebra. If both g þ and g À are ideals in g then g is abelian.
Proof. There is a splitting
From the integrability of J we obtain J½U; V ¼ J½JU; JV , and then ½U; V ¼ ½JU; JV ¼ 0 for all U; V A g þ . Hence g G are abelian ideals and it follows that g is abelian. r Examples 2.8. (i) Given any Lie algebra u, set g ¼ u Â u. Let E : g ! g be defined by EðU; V Þ ¼ ðU; ÀV Þ. Then E is clearly a product structure on g. However, Lemma 2.7 implies that there exists no complex product anticommuting with E unless u is abelian. In this case any complex structure anticommuting with E can be seen to be equivalent to the standard complex structure on the abelian Lie algebra
(ii) The simplest non-abelian example of a Lie algebra carrying a complex product structure is given by affðRÞ, the Lie algebra of the group A¤ðRÞ of a‰ne motions of the real line. affðRÞ is a solvable non nilpotent Lie algebra with a basis fX ; Y g satisfying ½X ; Y ¼ Y . There is a complex structure J and a product structure E on affðRÞ given by JX ¼ Y and EX ¼ X , EY ¼ ÀY . As JE ¼ ÀEJ, fJ; Eg defines a complex product structure on affðRÞ.
An important class of Lie algebras carrying a complex product structure is obtained by the following construction. Consider a finite dimensional real vector space A equipped with a bilinear product A Â A ! A, ða; bÞ 7 ! ab. On the vector space A l A we consider the following skew-symmetric bilinear bracket:
Suppose for a moment that the bracket (8) satisfies the Jacobi identity, hence defining a Lie algebra structure on A l A. Let J : A l A ! A l A be the endomorphism given by Jða; bÞ ¼ ðÀb; aÞ; a; b A A:
A computation shows that J is a complex structure on A l A. Furthermore, if we denote A þ :¼ A l f0g and A À :¼ f0g l A, then it is easy to see that A þ is a subalgebra, A À is an abelian ideal of A l A and also
, we obtain a complex product structure fJ; Eg on A l A.
Let us now investigate the conditions under which (8) does in fact satisfy the Jacobi identity. To do so, we shall need the following concept, which has already been intensively studied (see for instance [9, 10, 16, 29] ). Definition 2.9. A left-symmetric algebra (LSA) structure on a Lie algebra h is a bilinear product h Â h ! h, ðx; yÞ 7 ! x Á y, which satisfies
Lemma 2.10. The bracket on A l A given by (8) satisfies the Jacobi identity if and only if A is a Lie algebra with an LSA structure. It is clear that if A is a Lie algebra with an LSA structure, then the Jacobi identity is valid on A l A, using (9) . Conversely, suppose that the bracket (8) satisfies the Jacobi identity. If we take a 0 ¼ b (11), we obtain equation (9) . As we have already mentioned, A þ ¼ A l f0g is a Lie subalgebra of A l A. Identifying A þ with A in the obvious way, A itself acquires a Lie algebra structure which satisfies ½a; a 0 ¼ aa 0 À a 0 a. Hence A is a Lie algebra with an LSA structure and the proof of the lemma is complete. r
Remarks. (i) LSA structures on a Lie algebra are also known as Koszul-Vinberg structures or a‰ne structures.
(ii) If we define ðx; y; zÞ ¼ x Á ðy Á zÞ À ðx Á yÞ Á z for all x; y; z A h, condition (9) becomes ðx; y; zÞ ¼ ðy; x; zÞ, whence the name ''left-symmetric''.
(iii) Lemma 2.10 generalizes the result given in [6] , where it is shown that the bracket (8) gives a Lie algebra structure on affðAÞ :¼ A l A whenever A is an associative algebra. We will also use the notation affðAÞ for the Lie algebra A l A when A is a Lie algebra with an LSA structure.
To sum up, starting with a Lie algebra with an LSA structure, we have constructed a Lie algebra with a complex product structure in which one of the eigenspaces corresponding to the product structure is an (abelian) ideal. We now reveal the converse.
Proposition 2.11. Let ðg; J; EÞ be a Lie algebra with a complex product structure, and let ðg; g þ ; g À Þ be its associated double Lie algebra,
Then g À is abelian and hence g is isomorphic to the semidirect product g þ y ad g g À .
Also, g þ carries an LSA structure, which is given by
Proof. Let X ; Y A g À . Since J is integrable, we have
Now, the left-hand side of (13) is in g þ , whereas the right-hand side is in g À . So, both sides of (13) are zero, showing that g À is an abelian ideal. Then g is isomorphic to the semidirect product g þ y r g À , where the representation r : g þ ! glðg À Þ is simply given by rðX Þ ¼ adðX Þ, X A g þ . To see that (12) defines indeed an LSA structure on g þ , we compute for X ; Y A g þ :
using the integrability of J and the fact that g À is abelian. Thus, (10) holds. Also,
for any X ; Y ; Z A g þ , from where (9) follows. r
Hypercomplex structures from complex product structures
In this section we will show that each complex product structure on a Lie algebra gives rise to a hypercomplex structure on the real Lie algebra underlying its complexification. Firstly, we recall Definition 3.1. A hypercomplex structure on the Lie algebra g is a pair fJ 1 ; J 2 g of complex structures on g satisfying
Note that J 3 :¼ J 1 J 2 is another complex structure on g and fJ 1 ; J 2 ; J 3 g satisfy
Throughout this section, we shall use the notation:ĝ g ¼ ðg C Þ R . We have already noted that multiplication by i in g C ¼ g n R C defines a complex structure I onĝ g satisfying (3). Now suppose that g has dimension 2n and a complex structure J. In this situation, the complexification of J can be regarded as a complex structure J on g g that commutes with I . To see this, use the decomposition
set Jj g ¼ J and extend the definition of J to I g by JðIX Þ ¼ I ðJX Þ. It is easy to verify the integrability of J, using (3).
Of course, I and J never determine a hypercomplex structure because they commute. Our aim is to construct hypercomplex structures on g by retaining J, but modifying I . Lemma 3.2. Let g be a Lie algebra with a complex structure I satisfying (3). Suppose there is a splitting g ¼ u 1 l u 2 with u 1 ; u 2 complex subalgebras of g. Then the linear endomorphism I defined by
is a complex structure on g.
Proof. It is clear that I
2 ¼ À1, so, we only have to check the integrability of I. Let
On the other hand,
If g has a complex product structure thenĝ g has a hypercomplex structure fI; Jg with I and J as above.
where g þ l I g þ and g À l I g À are complex subalgebras ofĝ g. By the lemma, the endomorphism I defined by Ij g þ lIg þ ¼ I , Ij g À lI g À ¼ ÀI is a complex structure onĝ g. Also, it is clear that I and J anticommute. r
Remark. It is easy to verify that two equivalent complex product structures on the Lie algebra g give rise to equivalent hypercomplex structures onĝ g. We need only recall that two hypercomplex structures fJ k g k¼1; 2 and fJ 0 k g k¼1; 2 are said to be equivalent if there exists an automorphism f of g such that
Note thatĝ g also has a complex product structure, induced by the one on g. Indeed, define E :ĝ g !ĝ g by E ¼ ÀI I. As I commutes with I, we have that E 2 ¼ 1 and
It is also easy to verify that E is integrable, as a consequence of (3). Finally, the eigenspaces corresponding to the eigenvalues þ1 and À1 of E are, respectively, the subalgebras g þ l I g þ and g À l I g À . Hence, the pair fJ; Eg determines a complex product structure onĝ g. Applying Theorem 3.3 toĝ g, we obtain another Lie algebra with a hypercomplex structure, with dimension twice the dimension ofĝ g and four times the dimension of g. In this way, starting with a 2n-dimensional Lie algebra g endowed with a complex product structure, we obtain a family fg ðkÞ : k 
and the hypercomplex structure fI; Jg is given by
According to [4] , affðCÞ is the only 4-dimensional Lie algebra with 2-dimensional commutator ideal admitting a hypercomplex structure.
(ii) More generally, recall from §2 that affðAÞ admits a complex product structure, where A is a Lie algebra with an LSA structure. Hence, Theorem 3.3 gives a hypercomplex structure on d affðAÞ affðAÞ ¼ affðA C Þ, where A C is the complex Lie algebra with an LSA structure obtained by complexifying A. This hypercomplex structure fI; Jg is given by Iða; bÞ ¼ ðia; ÀibÞ; Jða; bÞ ¼ ðÀb; aÞ; where a; b A A C . This hypercomplex structure coincides (up to a sign) with the hypercomplex structure constructed in [6] (where only associative algebras were considered).
We will prove next that the reductive Lie algebra glð2n; RÞ carries a canonical complex product structure; hence we will obtain a hypercomplex structure on glð2n; CÞ. Proposition 3.5. glð2n; RÞ has a complex product structure for all n b 1.
Proof. First let
denote the standard almost product and complex structures acting on R 2n , where 1 is the ðn Â nÞ-identity matrix. Here E 0 and J 0 are expressed as 2n Â 2n matrices acting by left multiplication on column vectors. Then E 0 and J 0 define an almost product structure E and an almost complex structure J on the set glð2n; RÞ of 2n Â 2n matrices by right multiplication:
for any A A glð2n; RÞ. Clearly, EJ ¼ ÀJE. To see that E is integrable, one can argue as follows.
Let
Multiplying two matrices corresponds to ðv n aÞ Á ðw n bÞ ¼ aðwÞðv n bÞ for a; b A V Ã and v; w A V . On a generator v n a A V n V Ã , the action of E is given by Eðv n aÞ ¼ v n E 0 a, where E 0 a ¼ a E 0 . So, if V Ã G denotes the ðG1Þ-eigenspace of E 0 on V Ã , then the ðþ1Þ-and ðÀ1Þ-eigenspaces of E are given, respectively, by V n V Ã þ and V n V Ã À . It is easily seen that the product (and thus the Lie bracket) of two elements of V n V Ã þ will produce a matrix that remains in that subspace, showing that V n V Ã þ is a Lie subalgebra of End V . The same is true for V n V Ã À and hence E is integrable.
In the same way we may prove that J is integrable, by considering the ðGiÞ-eigenspaces of J C 0 on V C . Therefore, fJ; Eg is a complex product structure on glð2n; RÞ. r Corollary 3.6. The induced hypercomplex structure on glð2n; CÞ is given by right multiplication by the matrices
This hypercomplex structure on glð2n; CÞ merely corresponds to writing
and using right multiplication by unit quaternions on H n .
We close this section with a negative result, namely the failure of a naïve attempt to extend Proposition 3.5 to the Lie algebra spðn; RÞ ¼ fX A glð2n; RÞ :
of the symplectic group preserving a non-degenerate skew form on R 2n (notation of (14)). (16) into the direct sum of three subalgebras. The proof of the following result is based on simple matrix computations best left to the reader.
Proposition 3.8. There is no complex product structure fJ; Eg on spðn; RÞ such that Ja þ ¼ a À .
Complex product structures from matched pairs of Lie algebras
In this section we will characterize Lie algebras carrying a complex product structure in terms of double Lie algebras and matched pairs of Lie algebras endowed with a left-symmetric algebra (LSA) structure. In Proposition 2.5, we characterized those double Lie algebras associated to a complex product structure. Given a double Lie algebra ðg; g þ ; g À Þ, the existence of such a structure on g depends on the existence of a linear isomorphism j : g þ ! g À which satisfies a certain property that involves the Lie bracket of g, not only the brackets of g þ and g À . On the other hand, we should like to construct Lie algebras with a complex product structure beginning with two Lie algebras of the same dimension, which are not a priori subalgebras of another one. The idea is to obtain certain conditions on these two Lie algebras which ensure that their direct sum as vector spaces admits a Lie bracket with respect to which both summands are Lie subalgebras.
Firstly, let us recall the following construction, which appears for example in [22, 23] 
Let us now suppose that g is a Lie algebra endowed with a complex product structure fJ; Eg and let ðg; g þ ; g À Þ be its associated double Lie algebra, where The relationship between Lie algebras with a complex product structure and Lie algebras with an LSA is the content of the following result, which is a generalization of Proposition 2.11. Theorem 4.1. Let ðg; J; EÞ be a Lie algebra with a complex product structure and let ðg; g þ ; g À Þ be its associated double Lie algebra with g À ¼ Jg þ . Then g þ and g À carry an LSA structure.
Proof. Define a bilinear product on g þ in the following manner
wherer r is as in (20) . Let us first verify (10) . For X ; Y A g þ , we have
The third equality follows from the integrability of J. Next, to verify (9), we perform the following computation. For X ; Y ; Z A g þ ,
Hence, X Á ðY Á ZÞ À Y Á ðX Á ZÞ ¼ ðX Á Y Þ Á Z À ðY Á X Þ Á Z and this implies (9) .
To show that g À carries an LSA structure too, consider the bilinear product
wherem m is as in (20) . In the same way as before, it is shown that this product satisfies (9) and (10). r Remarks. (i) A semisimple Lie algebra does not admit any LSA structure (see [10, 16] ). Thus g þ and g À cannot be semisimple.
(ii) There do exist compact Lie algebras with an LSA structure. The simplest is soð3Þ l R, the Lie algebra of the Lie groups Uð2Þ and S 3 Â S 1 . An LSA structure on soð3Þ l R is obtained from the associative algebra H of quaternions. (This is related to the fact that S 3 Â S 1 is an a‰ne quotient of Hnf0g, and admits a left-invariant flat torsion-free connection [5] ; see §5).
(iii) Many, but not all, nilpotent Lie algebras admit LSA structures [7] .
Conversely, we shall show that Lie algebras arising from certain pairs of Lie algebras with LSA structures, admit a complex product structure. Proof. We start by defining an endomorphism E : g ! g by Ej u ¼ 1, Ej v ¼ À1. Then E 2 ¼ 1 and since the corresponding eigenspaces are Lie subalgebras of g; E determines a product structure on g. Next, we define another endomorphism J of g by JðX ; AÞ ¼ ðÀj À1 ðAÞ; jðX ÞÞ; X A u; A A v:
It is clear that J 2 ¼ À1. We only have to prove the integrability. In order to do so, we will consider several cases. Therefore, using (10), we obtain J½ðX ; 0Þ; ðY ; 0Þ ¼ ½JðX ; 0Þ; ðY ; 0Þ þ ½ðX ; 0Þ; JðY ; 0Þ þ J½JðX ; 0Þ; JðY ; 0Þ:
(ii) For A; B A v, with a similar computation to the one above, we obtain J½ð0; AÞ; ð0; BÞ ¼ ½Jð0; AÞ; ð0; BÞ þ ½ð0; AÞ; Jð0; BÞ þ J½Jð0; AÞ; Jð0; BÞ: Using (10) again, we obtain J½ðX ; 0Þ; ð0; AÞ ¼ ½JðX ; 0Þ; ð0; AÞ þ ½ðX ; 0Þ; Jð0; AÞ þ J½JðX ; 0Þ; Jð0; AÞ:
This concludes the verification of the integrability of J. Thus, J is a complex structure which anticommutes with E, since v ¼ Ju, showing that fJ; Eg is a complex product structure on g. r (ii) Majid [22] has constructed for the Lie algebra g of a compact semisimple Lie group another Lie algebra g 0 such that ðg; g 0 Þ determines a matched pair of Lie algebras. We have shown that for each Lie algebra carrying an LSA structure there exists another Lie algebra of the same dimension (namely, the abelian one) such that they determine a matched pair of Lie algebras. Corollary 4.3. Consider the abelian Lie algebra R n endowed with an LSA structure. Then ðR n ; R n ; r; rÞ is a matched pair of Lie algebras, where r : R n ! glðR n Þ is the representation of R n given by rðX ÞY ¼ X Á Y . Hence, g ¼ R n ffl R n admits a complex product structure.
Proof. Simply set j ¼ 1 R n in Theorem 4.2. It is trivial to verify that (17) and (18) hold and then the corollary follows. r
The previous corollary can be generalized in the following way.
Corollary 4.4. Suppose the abelian Lie algebra R n carries two LSA structures, denoted by
Þ is a matched pair of Lie algebras and hence, g ¼ R n ffl R n carries a complex product structure.
Proof. Take j ¼ 1 R n in Theorem 4.2. r Let ðg; J; EÞ be a Lie algebra with a complex product structure and let ðg; g þ ; g À Þ be its associated double Lie algebra. We have shown that both g þ and g À carry LSA structures. A natural question to ask is whether g itself supports an LSA structure, which restricts to the ones already existing on g G . We can naturally extend the bilinear products on g þ and g À to g by using the representations r; m;r r;m m in the following fashion:
ðX þ AÞ Á ðY þ BÞ ¼r rðX ÞY þ rðX ÞB þ mðAÞY þm mðAÞB;
or more simply
where we are using the LSA structure on g G . It is a simple matter to verify that this product on g verifies (10). However, it does not necessarily fulfill (9) . We will give an example of this fact in the next section (see Example 6.3).
To see when (21) satisfies (9), we introduce the following notation. Define
FðX ÞðA; BÞ ¼ rðX ÞðA Á BÞ À ðrðX ÞAÞ Á B À A Á ðrðX ÞBÞ þ rðmðAÞX ÞB ð22Þ (17) and (18) ], we obtain that the product defined above determines an LSA structure on g if and only if F 1 0 and C 1 0.
Summing up, Proposition 4.5. Let ðg; J; EÞ be a Lie algebra with a complex product structure with associated double Lie algebra ðg; g þ ; g À Þ and g À ¼ Jg þ . There exists an LSA structure on g extending the LSA structures on g þ and g À if and only if F 1 0 and C 1 0, where F and C are as in (22) and (23).
Corollary 4.6. Let ðg; J; EÞ be a Lie algebra with a complex product structure and let ðg; g þ ; g À Þ be its associated double Lie algebra, with g À ¼ Jg þ . Suppose that g À is an ideal of g. Then g admits an LSA structure which extends the LSA structures on g þ and g À .
Proof. We already know that in this case the LSA structure on g À is trivial (i.e. A Á B ¼ 0 for all A; B A g À ) and consequently, the m is also trivial. Substituting into (22) and (23), we get F 1 0 and C 1 0. Hence g does admit an LSA structure. r
Torsion-free connections and G-structures
We start recalling that for an arbitrary connection ' on (the tangent bundle of ) a manifold M, the torsion and curvature tensor fields T and R are defined by
for X ; Y smooth vector fields on M. The connection is called torsion-free when T ¼ 0, and flat when R ¼ 0. A flat torsion-free a‰ne connection on M gives rise to an a‰ne structure on M [2, 24] . Let G be a Lie group with Lie algebra g and suppose that G admits a left-invariant connection '. This means that if X ; Y A g are two left-invariant vector fields on G then ' X Y A g is also left-invariant. Accordingly, one may define a connection on a Lie algebra g to be merely a g-valued bilinear form g Â g ! g. One can speak of the torsion and curvature of such a connection using the formulae above, with brackets determined by the structure of g. We can now re-interpret the results obtained in previous sections in terms of connections.
Let g be a Lie algebra with a complex product structure fJ; Eg and let ðg; g þ ; g À Þ be the associated double Lie algebra. In §4, we have shown that both g þ and g À carry an LSA structure, and we introduced a bilinear product on g which extends these LSA structures and satisfies (10) . This product becomes a torsion-free a‰ne connection ' CP (CP for 'complex product') on g by setting
for X ; Y A g. The torsion-free condition reads
and the connection is flat if
Since this is exactly condition (9), it follows that ' CP restricts to flat torsion-free connections on g þ and g À . In general though, '
CP is not itself flat (see Example 6.3 in §6).
Proposition 5.1. If ðg; J; EÞ is a Lie algebra carrying a complex product structure then
CP is the unique torsion-free connection on g for which J and E are parallel.
Proof. The parallelism of J; E is quickly established from the definitions of the representations r; m;r r;m m and equation (21) .
As to uniqueness, suppose '; ' 0 are two connections on g which satisfy the conditions in the statement. Define A : We have shown in Theorem 3.3 that the complex product structure fJ; Eg on g determines a hypercomplex structure fI; Jg onĝ g ¼ ðg C Þ R . In this case, any Lie group G with LðGÞ ¼ĝ g is a hypercomplex manifold, since it admits a pair fI; Jg of anticommuting complex structures. These are obtained by left-translating those that are already defined on g G T e G. Every hypercomplex structure on G uniquely determines a torsion-free connection ' HC (HC for 'hypercomplex'), sometimes called the Obata connection, with respect to which I; J are parallel. Thus,
(see [25] ). Since I; J are left-invariant, it follows that ' HC is left-invariant. In this way, we obtain a torsion-free connection onĝ g, that we also call the Obata connection.
On the other hand, the connection ' CP on g extends naturally to a torsion-free connection' ' CP onĝ g by settinĝ CP on g is flat.
Example 5.4. The corollary applies to g ¼ glð2n; RÞ. For the proof of Proposition 3.5 shows that the complex product structure on glð2n; RÞ realizes it as 2n copies of the flat structure on R 2n . In the same way, the induced hypercomplex structure on glð2n; CÞ is 2n copies (15) of flat space H n .
Recall the matrices J 0 ; E 0 defined in (14) , and acting by left multiplication on the space R 2n of column vectors. The subgroup of GLð2n; RÞ consisting of matrices commuting with J can be identified with GLðn; CÞ. The subgroup of those commuting with both J and E consists of invertible block-diagonal matrices A 0 0 A ð24Þ and can be identified with GLðn; RÞ.
We can generalize the preceding theory by Definition 5.5. A complex product manifold is a smooth manifold M, of even dimension 2n, equipped with a GLðn; RÞ-structure (relative to the above inclusion GLðn; RÞ H GLð2n; RÞ) admitting a torsion-free GLðn; RÞ connection.
In the general context of G-structures, there is a well-known series of obstructions to a given structure being equivalent to the standard structure on flat space [31] . The existence of a torsion-free connection is in general only the first such obstruction. The proof of Proposition 5.1 can be extended to show that a torsion-free GLðn; RÞ-connection will (if it exists) be unique. Full details of this and the subsequent remarks appear in [1] .
Given a GLðn; RÞ-structure, we can regard its Lie algebra glðn; RÞ as a subspace of End T ¼ T n T Ã , where T ¼ R 2n stands for the tangent space representation. Torsion properties are determined by the natural mapping
The di¤erence of two compatible torsion-free connections is a tensor that hypothetically takes values at each point in ker f 1 , which is the so-called first prolongation of glðn; RÞ (as a subalgebra of glð2n; RÞ). The above remarks then imply Lemma 5.6. ker f 1 ¼ f0g.
Let T ¼ T þ l T À be the decomposition reflecting (24) , so that T þ G T À is the standard representation of GLðn; RÞ. The torsion-free condition ensures that the distributions determined by T þ ; T À are integrable and totally geodesic. Moreover, M has an integrable complex structure J for which T À ¼ JT þ . The spaces T G now play the role of g G in §4.
The second (and only remaining) obstruction to flatness of the GLðn; RÞ-structure of M is provided by the curvature tensor R of '. This takes values in the kernel of the linear mapping
that establishes the first Bianchi identity. The existence of an LSA structure on g G can be seen as a special case of the next result, that can be proved by working in terms of the standard GLðn; RÞ-module V ¼ R n , using the isomorphisms
Lemma 5.7. The restriction of R to glðn; RÞ n
This implies that the restriction of ' to each of the integrable submanifolds tangent to T G is flat.
The symmetries of R resemble those of the curvature tensor of a hypercomplex manifold (described in [27] ), which is not surprising given the intimate relationship between the two structures. Hypercomplex structures are associated to the group GLðn; HÞ in the same way that complex product structures are associated to GLðn; RÞ. The two groups can be extended to GLðn; RÞ Â GLð2; RÞ and GLðn; HÞ Â GLð1; HÞ respectively, and the resulting G-structures are both types of paraconformal geometries [3] .
The above manifold theory can of course be applied to any Lie group G whose Lie algebra g admits a complex product structure fJ; Eg. We may regard J; E as tensors on G by left-translating the ones on g ¼ T e G. If ðg; g þ ; g À Þ is the double Lie algebra defined by E, let G þ and G À be Lie subgroups of G such that LðG G Þ ¼ g G . We learn from [21] that ðG; G þ ; G À Þ is a local double Lie group, i.e. the mapping
is a local di¤eomorphism near the identities. Since g G carry LSA structures, both G þ and G À are flat a‰ne Lie groups, whilst G itself need not be flat.
In the notation of §2, letĜ G be a Lie group with Lie algebraĝ g. ThenĜ G acquires a GLðn; CÞ-structure, obtained by complexifying (24) and then embedding the complex matrix in GLð4n; RÞ. The induced hypercomplex structure onĜ G comes about as a result of inclusions GLðn; CÞ H GLðn; HÞ H GLð4n; RÞ:
Before concluding the G-structure approach, we consider cases in which a complex product structure reduces from GLðn; RÞ to either (i) the orthogonal group OðnÞ, or (ii) the symplectic group Spðn=2; RÞ.
(i) OðnÞ represents the subgroup preserving a scalar product g on T þ or T À . These two representations are equivalent by means of J, so we extend g to T ¼ R 2n by the requirement that
for all tangent vectors X ; Y . A 2-form is now defined in the usual way, by setting
If this is closed on a complex product manifold, then g is a reducible Kä hler metric, and ' CP coincides with the Levi-Civita connection ' g . It is however possible to drop the integrability assumption on J, and consider the complementary Lagrangian foliations defined by the distributions T G on a symplectic manifold.
(ii) Spðn=2; RÞ represents the group preserving a non-degenerate 2-form o 1 on T þ or T À , each of which must then have even dimension n ¼ 2m. We may extend o 1 to T by the requirement that
in analogy to g above. A symmetric bilinear form h is now defined by setting
and it follows that hðEX ; EY Þ ¼ ÀhðX ; Y Þ; thus T G are isotropic and h has signature ð2m; 2mÞ. Additional 2-forms are defined by setting
A manifold is called hypersymplectic if it has such an Spðn=2; RÞ structure for which all three forms o i are closed [17] . Such manifolds are also called neutral hyperkä hler [18, 14] , and admit tensors J; E; F satisfying (6). The complex 2-form W ¼ o 2 þ io 3 has type ð2; 0Þ relative to J and the fact that W m is closed and non-zero implies that J is integrable. It follows that h is pseudo-Kähler, and that ' CP coincides with ' h . The subspaces T G are Lagrangian relative to o 2 , though it is more usual to seek submanifolds that are special Lagrangian relative to the forms o 1 and ImðW m Þ (meaning that these restrict to zero).
In conclusion, a hypersymplectic manifold always has an underlying complex product structure (with n even), in the same sort of way that a hyperkähler manifold has a subordinate hypercomplex structure.
Complex product structures on 4-dimensional Lie algebras
In this section we shall consider some concrete examples of 4-dimensional Lie algebras carrying complex product structures. We will determine the associated isomorphisms with bicrossproduct Lie algebras and also the corresponding local double Lie groups.
Let us first make the following observation. If a 4-dimensional Lie algebra admits a complex product structure, then it can be written as the sum of two 2-dimensional subalgebras. We will use the fact that any 2-dimensional Lie algebra is either abelian or isomorphic to affðRÞ (see Example 2.8 (ii)).
We will consider separately the solvable Lie algebras and the non-solvable Lie algebras. It is easy to see that there are only two of the latter, using the Levi decomposition and the classification of 3-dimensional simple Lie algebras. The only possibilities are the reductive Lie algebras R l soð3Þ and R l slð2; RÞ G glð2; RÞ.
Reductive case
Example 6.1. Let us begin with R l slð2; RÞ G glð2; RÞ. This Lie algebra has a basis fW ; X ; Y ; Zg with Z central and non-zero brackets given by
We already know from Proposition 3.5 that glð2; RÞ carries a complex product structure fJ; Eg given by right multiplication with the standard almost complex and almost product structures J 0 and E 0 on R 2 . Identifying W ; X ; Y ; Z with ð2 Â 2Þ matrices, it is easy to see that
The eigenspaces for E are the following subalgebras of glð2; RÞ:
Observe that both g þ and g À are isomorphic to affðRÞ; therefore the associated double Lie algebra is ðglð2; RÞ; affðRÞ; affðRÞÞ and its local double Lie group is ðGLð2; RÞ; G þ ; G À Þ, where both G þ and G À are locally isomorphic to A¤ðRÞ.
Remark. Sasaki classified the complex structures on glð2; RÞ in [28] . They are parametrized by d A Cnf0g on the curve Reð1=d Þ ¼ À1. The complex structure which appears above corresponds to the case d ¼ À1.
Now consider the other 4-dimensional reductive Lie algebra. Proposition 6.2. The Lie algebra R l soð3Þ does not support any complex product structure.
Proof. The compact Lie algebra g ¼ R l soð3Þ admits an invariant inner product h ; i. Consider a 2-dimensional Lie subalgebra u of g. As u is a 2-dimensional Lie algebra, we know that u is abelian or isomorphic to affðRÞ. If u G affðRÞ, there is a basis fU 1 ; U 2 g of u with ½U 1 ; U 2 ¼ U 2 . Thus
but, using the invariance of h ; i,
from where we obtain h½U 1 ; U 2 ; U 2 i ¼ 0. Hence, jjU 2 jj 2 ¼ 0, a contradiction. Therefore, u must be abelian.
Let us now suppose that g admits a complex product structure fJ; Eg with associated double Lie algebra ðg; g þ ; g À Þ. As we have just seen, both g þ and g À are abelian. For U; U 0 A g þ and V ; V 0 A g À , we compute g lies in the class A2 of the classification made in [26] , with l ¼ À1. It follows that g admits only one complex structure J, up to isomorphism, given by
Consider the following subalgebras of g:
; the endomorphism E of g is clearly a product structure on g which anticommutes with the complex structure J, giving rise then to a complex product structure on g. Thus, there exists an LSA structure on g þ and g À , which can be extended to a bilinear product on g. We already know that this product satisfies condition (10) but we will show that it does not satisfy (9) . Denote by L v the endomorphism of g given by left-multiplication with v A g. Using equation (21), we obtain and hence (9) does not hold.
Example 6.4. Consider the Lie algebra defined by g ¼ spanfX ; Y ; Z; W g with the only non-zero bracket given by ½X ; Y ¼ Z. This Lie algebra is isomorphic to h 3 l R, a direct sum of ideals, where h 3 denotes the 3-dimensional Heisenberg Lie algebra. This Lie algebra belongs to the class S1 in the classification made in [30] , from where it follows that there is, up to equivalence, only one complex structure on g and it is given by
Proposition 6.5. h 3 l R admits complex product structures. With each of these structures, the associated double Lie algebra is ðh 3 l R; R 2 ; R 2 Þ and the associated local double Lie group is ðG; G þ ; G À Þ, where G is locally isomorphic to H 3 Â R and G þ ; G À are locally isomorphic to R 2 .
Proof. It can be shown that the product structures on g which anticommute with J are parametrized by where the ordered basis used for the matrix representation is fX ; Y ; Z; W g. The pairs fJ; E y g with y A ½0; 2pÞ exhaust all the complex product structures on g, up to equivalence. For a fixed y A ½0; 2pÞ, let us establish the decomposition of g into a sum of subalgebras. In order to do so, we simply have to determine the eigenspaces of E y . The eigenspace g þ corresponding to the eigenvalue þ1 is given by
while the eigenspace g À corresponding to the eigenspace À1 is given by
(We indicate the trigonometric arguments as subscripts for visual clarity.) Observe that both g þ and g À are abelian Lie algebras. Hence, we have g ¼ R 2 ffl R 2 for suitable representations and certain LSA structures on each R 2 . r Example 6.6. Let g ¼ spanfA; B; C; Dg be the Lie algebra with non-zero Lie bracket relations given by
Then g lies in the class A4 of the classification [26] , and is the Lie algebra corre-sponding to the real hyperbolic space RH 4 , i.e. the simply connected Lie group S with LðSÞ ¼ g acts simply transitively on RH 4 . It follows that g admits only one complex structure J, up to isomorphism, given by
Proposition 6.7. g admits complex product structures. The possible associated double Lie algebras are either ðg; affðRÞ; affðRÞÞ or ðg; R 2 ; affðRÞÞ and the associated local double Lie groups are ðS; G þ ; G À Þ, where both G þ ; G À are both locally isomorphic to A¤ðRÞ, or G þ is locally isomorphic to R 2 and G À to A¤ðRÞ.
Proof. The following are examples of product structures on g which anticommute with the complex structure J: The ordered basis used for the matrix representation is fA; B; C; Dg. It can be shown that every complex product structure on g is equivalent to fJ; Eg where J is as above and E A fE y : y A ½0; 2pÞg W fE 0 y : y A ½0; 2pÞ; y 0 pg W fE 00 y : y A ½0; 2pÞ; y 0 pg W fẼ Eg, and these are all inequivalent.
For y A ½0; 2pÞ, let us compute the eigenspaces corresponding to E y . The eigenspace g þ corresponding to the eigenvalue þ1 is given by
while the eigenspace g À corresponding to the eigenvalue À1 is
Observe that both g þ and g À are isomorphic to affðRÞ if y 0 0, y 0 p, and we have an isomorphism g G affðRÞ ffl affðRÞ, for suitable representations and certain LSA structures on each affðRÞ. If y ¼ 0 or y 0 p, we have g G R 2 ffl affðRÞ. For y A ½0; 2pÞ, y 0 p, let us consider the complex product structures fJ; E 0 y g. The eigenspaces of E 0 y are
Observe that both g þ and g À are isomorphic to affðRÞ if y 0 0, hence g G affðRÞ ffl affðRÞ, for suitable representations and certain LSA structures on each affðRÞ.
For y A ½0; 2pÞ, y 0 p, let us consider the complex product structures fJ; E 00 y g. The eigenspaces of E 00 y are
Note that both g þ and g À are isomorphic to affðRÞ if y 0 0, hence g G affðRÞ ffl affðRÞ, for suitable representations and certain LSA structures on each affðRÞ.
Finally, the eigenspaces forẼ E arẽ
Note thatg g þ is abelian whileg g À is isomorphic to affðRÞ. Thus, in this case we have an isomorphism g G R 2 ffl affðRÞ, for suitable representations and certain LSA structures on each summand. r
In contrast to above, not every solvable Lie algebra (among those carrying a complex structure) admits a complex product structure.
Example 6.8. Let g be the Lie algebra given by g ¼ spanfA; X ; Y ; Zg with Lie bracket relations
This Lie algebra belongs to the class H2 of the classification made in [26] and it follows that it admits, up to equivalence, only one complex structure J, which is given by
We will show that this Lie algebra does not admit any complex product structure, using Lemma 6.9. g does not contain a non-abelian 2-dimensional Lie subalgebra.
Proof. Suppose that u is a non-abelian 2-dimensional Lie subalgebra of g. Then it is isomorphic to affðRÞ and hence there is a basis fU; V g of u such that ½U; From the first two equations we obtain that y 2 ða 2 1 þ 1Þ ¼ 0. Since we are working over R, we have that y 2 ¼ 0. But this implies that x 2 ¼ 0 and hence z 2 ¼ 0, showing that U ¼ 0, which is a contradiction. r
Let us suppose now that g admits a complex product structure. Then, we have g ¼ g þ l g À with g þ and g À ¼ Jg þ subalgebras of g. From the lemma, we obtain that both g G are abelian. It can be seen that in this case the complex structure J satisfies the condition
for all X ; Y A g. A complex structure J on a Lie algebra g satisfying (25) is called abelian, and only solvable Lie algebras admit such structures [13] . A result in [6] states that if a Lie algebra with commutator ideal of codimension 1 admits an abelian complex structure then it is isomorphic to affðRÞ. Since g is not isomorphic to affðRÞ, we obtain a contradiction and then g cannot carry a complex product structure.
Induced hypercomplex structures
In this subsection we will give some applications of Theorem 3.3, using the examples studied in §6.1 and §6.2. We will use the following notation: for X A g, we denotê X X ¼ iX in g C .
Example 6.10. Let us begin with glð2; RÞ. Consider on this Lie algebra the complex product structure given in §6.1 and let fI; Jg be the hypercomplex structure on glð2; CÞ ¼ d glð2; RÞ glð2; RÞ given by Theorem 3.3 and (15). glð2; CÞ is an 8-dimensional real Lie algebra with a basis fW ; X ; Y ; Z;Ŵ W ;X X ;Ŷ Y ;Ẑ Zg and Lie bracket given by The complex product structure considered on g gives rise to a hypercomplex structure fI; Jg onĝ g. This hypercomplex structure is given by Remark. A classification of 8-dimensional nilpotent Lie groups carrying an abelian hypercomplex structure (meaning all its complex structures satisfy (25) ) was given in [12] . According to this classification, if G is a Lie group whose Lie algebra is the one considered in the previous example, then G is a isomorphic to a trivial extension of a group of type H with centre of dimension 2. Each complex product structure on g gives rise to a hypercomplex structure onĝ g.
If we take fJ; E y g, we have the hypercomplex structure fI y ; Jg, where 
